Abstract: Short-term undrained stability often controls the design of braced excavations in soft clays. This paper summarizes the formulation of numerical limit analyses that compute rigorous upper and lower bounds on the exact stability number and include anisotropic yielding, typical of K 0 -consolidated clays and bending failure of the wall. Calculations for braced cuts bound the actual failure conditions within Ϯ5%, and highlight limitations of existing basal stability equations. The analyses clarify how wall embedment and bending capacity improve the stability of well braced excavations. Careful selection of mobilized strengths at shear strains in the range 0.6 -1.0% are necessary to match the predictions of anisotropic limit analyses with nonlinear finite-element predictions of failure for the embedded walls. Two example applications from recent projects in Boston highlight the practicality of the numerical limit analyses for modeling realistic soil profiles and lateral earth support systems, but also focus attention on the need for careful selection of undrained strength parameters. Credible estimates of stability have also been obtained in reanalyzing a series of case studies reported in literature using isotropic strength parameters derived from field vane or laboratory simple shear tests.
Introduction
For deep excavations in soft clay, the design of the lateral earth support system is often controlled by stability requirements. If the factor of safety is below an acceptable level, expensive ground modification schemes may be necessary to stabilize the soil below the final excavated grade ͑e.g., O'Rourke and O'Donnell 1997͒. Hand calculations of basal stability are also used for preliminary estimation of ground deformations ͑after Mana and Clough 1981͒ and may form the basis for deciding whether or not to underpin adjacent structures. In current practice, there are two methods used to perform stability calculations for braced excavations: ͑1͒ limit equilibrium methods; and ͑2͒ nonlinear finite-element methods.
Limit equilibrium methods are widely used in design practice and include separate calculations of basal stability ͑based on failure mechanisms proposed by Terzaghi 1943; Bjerrum and Eide 1956͒ or overall slope stability ͑using circular or noncircular arc mechanisms͒ based on well established methods ͑Bishop 1955; Spencer 1967; Morgenstern and Price 1967͒ . It is often difficult to assess the accuracy of these solutions due to ad hoc assumptions: ͑1͒ in selecting the shape of the failure surface; ͑2͒ in the search procedures used to locate the critical surface; and ͑3͒ the approximations used to solve equilibrium calculations ͑i.e., interslice force assumptions͒. Further complications arise in analyzing soilstructure interactions for embedded support walls, tieback anchors, etc.
Nonlinear finite-element methods provide a comprehensive framework that can evaluate multiple facets of excavation performance ranging from the design of the wall and support system, to the prediction of ground movements, and the effects of construction activities such as dewatering, ground improvement, etc. They are indispensable for predicting the distribution of ground movements caused by excavations, and for simulating processes where there is partial drainage within the soil. Excavation stability can be assessed by either exploring the depth required to generate failure or by factoring the strength parameters of the soil ͑e.g., Brinkgreve and Bakker 1991͒. However, finite-element methods are rarely used as a primary source of information on stability, or during the initial phases of design. This situation reflects the relative simplicity of limit equilibrium methods, the uncertainties in site characterization, and the difficulties in selecting appropriate constitutive models and input parameters for the finite-element analyses.
An alternative method for calculating stability is through upper and lower bound limit analyses. Rigorous upper and lower bound collapse loads are solved numerically by linear programming methods, while spatial discretization and interpolation of the field variables ͑i.e., lower bound stresses and upper bound velocities͒ are accomplished using finite-element methods. This approach combines the advantages of finite-element methods for handling complex geometric and loading conditions, with the power of the plastic limit theorems for bounding the exact collapse load. The numerical limit analyses assume rigid perfectly plastic soil behavior ͑i.e., same input strength parameters as the limit equilibrium methods͒, but do not require user-defined search procedures to locate the critical failure mechanisms, and can readily handle mechanisms involving combined failure of the soil and structural elements. Thus, they are more flexible and operationally more efficient than the existing limit equilibrium methods.
The numerical limit analyses described in this paper are based on upper and lower bound formulations presented by Sloan and Kleeman ͑1995͒ and Sloan ͑1988a͒, respectively. The application of these methods for braced excavations is summarized briefly, focusing on two new features ͑Ukritchon 1998͒: ͑1͒ implementation of structural elements; and ͑2͒ representation of undrained strength anisotropy. Upper and lower bound solutions provide an independent method for evaluating the accuracy of existing basal stability calculations. The main focus of the current analyses is deep excavations in clay where the support wall does not extend into an underlying bearing stratum. Recent nonlinear finiteelement analyses ͑Hashash and Whittle 1996͒ provide reference solutions to these problems by incorporating realistic modeling of the anisotropic effective stress-strain-strength properties of typical clays ͑Whittle et al. 1994͒. Comparisons with these finiteelement calculations provide guidance on the selection of anisotropic strength parameters in the numerical limit analyses. Parametric studies are then used to develop design charts for evaluating the stabilizing effects of wall embedment. Practical application of the method is demonstrated through case studies using data published in literature. Fig. 1 summarizes the failure mechanisms assumed in conventional limit equilibrium calculations of basal stability after Terzaghi ͑1943͒ and Bjerrum and Eide ͑1956͒. For excavations in an homogeneous clay, the stability of the excavation can be most conveniently expressed in terms of the stability number, N ϭ␥H/s u , where ␥ and s u ϭthe average total unit weight and undrained shear strength in the retained soil. Table 1 shows that there are subtle differences in these two basic solutions associated with assumed values of the bearing capacity factor, N c , the location of the vertical shear surface in the retained soil, and the inclusion of shear tractions along this plane. Simple modifications are widely used to account for the proximity of an underlying bearing layer ͓d b below the excavated grade, Fig. 1͑a͔͒ and for contrasts in undrained shear strength above and below the excavated grade (s uu , s ub ; Table 1͒ . Clough and Hansen ͑1981͒ proposed further refinements to account for undrained strength anisotropy, a well known feature of soft clay behavior ͑e.g., Ladd 1991͒, based on reference shear strengths measured at three orientations of the major principal stress (s u0 , s u45 , and s u90 ; Table  1͒ .
Calculation of Basal Stability
The effects of wall embedment are usually computed following the approach proposed by Terzaghi ͑1943͒, Fig. 1͑b͒ , assuming that failure occurs below the base of the wall and is resisted by the weight of the interior soil plug and adhesion ( f s ϭ␣s u ) acting along the plug-wall interface. A similar approach is used by Eide et al. ͑1972͒, Table 1 , and both methods implicitly assume that the wall is rigid ͑i.e., does not yield͒. O'Rourke ͑1993͒ assumes that wall embedment does not alter the basal failure mechanism in the soil, but does contribute to the stability due to the elastic strain energy stored in flexure. The resulting stability numbers are functions of the yield moment and assumed boundary conditions at the base of the wall ͑Table 1͒. Fig. 2 gives a schematic summary of the numerical limit analyses used for braced excavations. The lower bound formulation generates a statically admissible stress field that satisfies equilibrium, stress boundary conditions, and does not violate the yield criteria of either the soil or structural components. In these plane strain analyses, the soil mass is discretized into three-noded triangular elements ͓Fig. 2͑b͔͒ assuming that the unknown stresses ( x , y , xy ) vary linearly within each element
Numerical Limit Analyses
where N i ϭstandard linear shape functions ͑e.g., Zienkiewicz 1983͒; and ( xi , yi , xyi )ϭstress components at node i.
In contrast to conventional displacement-based finite-element methods, each node is unique to a particular element such that stress discontinuities can occur along shared edges between elements ͓defined by pairs of nodes, e.g., 1, 4 and 2, 6; Fig. 2͑a͔͒ . The wall is modeled using a series of two-noded beam and onenoded joint elements, Fig. 2͑c͒ . Each node has two unknown forces, F x , F y and one moment, F z . It should be noted that joint elements have no lateral dimension and the beam nodes are unique to each particular element. The formulation allows beam elements to carry linear normal and shear tractions, while the joint elements carry point forces, including moments. The bracing system is represented by a series of rigid supports with pin-ended connections to the wall ͑i.e., allowing transmission of shear and axial force only͒.
The upper bound formulation equates the power dissipated in a kinematically admissible velocity field with the power expended by the external loads. A kinematically admissible velocity field is one which satisfies the compatibility equations, velocity boundary conditions, and the flow rule. During plastic flow, power is dissipated by the plastic yielding of the soil mass, and by sliding along velocity discontinuities, where jumps in the normal and tangential velocities can occur. The soil mass is discretized into three-noded triangular elements as shown in Fig. 2͑b͒ , assuming that the unknown soil velocities (u,v) vary linearly within each element
where (u i ,v i )ϭcomponents of the nodal point velocities; and N i ϭlinear shape functions. Velocity discontinuities can occur along shared edges between two adjacent elements, and are modeled by assuming that each node is unique to its element. Plastic deformations can occur both within the elements and along the velocity discontinuities between elements. The wall is modeled by two-noded rigid beam elements and one-noded joint elements, as shown in Fig. 2͑c͒ . Each node of the beam element has two unknown velocity components (u,v) that vary linearly along the element and are unique to a given element. Each joint element, j, has an additional degree of freedom, the angular velocity w j ͓Fig. 2͑c͔͒, such that plastic yielding can occur as a hinge at the joint element.
Lower Bound Formulation
For plane strain analyses, the lower bound stress field must satisfy the following equations of equilibrium:
where ␥ϭtotal unit weight of the soil, and compressive stresses are positive. Equilibrium of the nodal point stresses can be achieved within each element by differentiating Eq. ͑1͒ and substituting into Eq. ͑3͒, generating a set of linear equalities in the form:
where ϭvector of stress components at each node in the mesh and the unit weight of soil. The shear and normal tractions must also be in equilibrium at all points along the discontinuities between adjacent soil elements. This condition can be satisfied by matching traction components ( n ,) at the nodal pairs ͓e.g., 1, 4 and 2, 6 in Fig. 2͑b͔͒ , generating a second set of constraints n1 ϭ n4 and 1 ϭ 4 (5a) n2 ϭ n6 and 2 ϭ 6 (5b)
For each interface, these relations can be rewritten as a series of equality constraints on the nodal point stresses by introducing standard transformation equations between surface tractions and stress components ( x , y , xy ), Table 2 . These same types of constraint can be used to represent all stress controlled boundary conditions.
The present analyses assume that the undrained shear strength of K 0 -consolidated clays can be represented by the anisotropic yield criterion proposed by Davis and Christian ͑DC͒ ͑1971͒, Fig. 3 Eq. ͑6͒ presents the DC yield criterion as a circular locus in the transformed stress space (X,Y )
using the variables:
In the lower bound formulation, this nonlinear function is approximated by an interior polygon, with p sides of equal length ͓after Lysmer ͑1970͔͒, such that statically admissible stress states satisfy a series of linear inequality constraints
where F k ϭyield function for the kth side of the polygon.
Thus, the linearized yield surface introduces p constraints on the stresses at each nodal point, written in matrix form as shown in Table 2 .
Equilibrium of the structural elements is readily achieved by balancing the forces and moments within each beam element and between the joint and beam elements Fig. 3 . Anisotropic yield criterion in numerical limit analyses: ͑a͒ Anisotropic yield criterion Davis and Christian ͑1971͒; and ͑b͒ anisotropic shear resistance along discontinuities ͑parameters for BBC at OCRϭ1.0͒ where (F x j ,F y j ,F z j ) and (F xi ,F yi ,F zi )ϭnodal forces and moments of the joint element, j, and adjacent beam elements, i. The unknown forces and moments at each joint element must also satisfy prescribed force and moment boundary conditions. All of the equilibrium equations for beam and joint elements can be combined to form a set of equality constraints shown in Table  2 ͑F is the vector of unknown forces and moments at all beam and joint nodes͒. Fig. 2͑d͒ summarizes the modeling of interaction between a beam element and two adjacent soil elements (L,R). The contact tractions from these triangular elements are ( nL , L ) and ( nR , R ) ͑and vary linearly along the elements͒. The lower bound formulation requires that the net shear traction, ⌺ϭ L Ϫ R , and the net normal tractions, ⌺ n ϭ nL Ϫ nR , are applied to the adjacent beam element. These net tractions must also be in equilibrium with the unknown nodal forces and moments of the beam element leading to a set of linear constraints
Note that smooth interfaces are readily modeled by setting L ϭ R ϭ0.
The current application for braced excavations assumes that failure of the wall is governed by its plastic moment capacity, M p , leading to the two linear inequalities that must be satisfied at the joints and at all points along the beam
Linear variations in the normal contact traction from the adjacent soil produce internal bending moments that vary as cubic functions along each beam element. Therefore, linearization of the yield criterion is achieved by subdividing the beam elements into n-internal nodes and satisfying a set of inequality constraints in the form A 6 FрB 6 (12)
Ukritchon ͑1998͒ gives full details of the equation assembly for the structural elements, together with linearization methods for yielding due to combined bending, axial and shear forces.
For braced excavations, the vertical pressure of the retained soil, ␥H, is the driving force which causes failure of the excavation. Thus, the objective function for the numerical lower bound analysis is to minimize this vertical pressure, Min. ͕␥H͖ ͑or Min. ͕͚␥ i H i ͖, for a profile with i sublayers͒. The unit weight ␥ is linked to the unknown nodal stresses through the equilibrium equations ͓Eqs. ͑3͒ and ͑4͔͒. Hence, the same objective function can be restated as Table 2 summarizes the formulation of the numerical lower bound analyses in a standard linear programming form which can be solved efficiently by an active set algorithm ͑Sloan 1988b͒.
Upper Bound Formulation
In order to ensure a strict upper bound on the true collapse load, the DC yield function ͓Eq. ͑7͔͒ is approximated by an exterior polygon with p sides and p vertices
This linearized form of the yield function can then be applied to satisfy conditions of kinematic admissibility which require that the plastic strain rates within each element must be compatible with the velocity field and satisfy the associated flow rule
where x , y , ␥ xy ϭplastic strain rates ͑positive in compression͒; and k ϭnon-negative plastic multiplier rates associated with F k . By combining Eqs. ͑2͒ and ͑15͒, a kinematically admissible velocity field can be represented by a series of linear constraints on the nodal point velocities and unknown plastic multiplier rates written in a compact matrix form in Table 2 as
where u 1 and 1 ϭglobal vectors of nodal point velocities and plastic multipliers for triangular elements. The internal power dissipation in each triangular element can also be computed from the strain rate in Eq. ͑15͒
where Aϭarea of each triangular element.
The upper bound formulation allows velocity discontinuities to occur along shared edges between elements. These discontinuities are defined in terms of tangential and normal velocity jumps (⌬u i j,t ,⌬u i j,n ) between nodal pairs (i, j), Fig. 2 ⌬u i j,t ϭ͑u j Ϫu i ͒cos ϩ͑v j Ϫv i ͒sin (18a)
where (u i ,u j ) and (v i ,v j )ϭnodal velocities at nodes i and j in the x and y directions, respectively; the sign convention for is shown in Fig. 4 . The shear resistance along velocity discontinuities can be found by considering the associated flow directions. The anisotropic DC yield criterion is first written in the local (n,t) coordinate frame
where the shear stress components q tn ϭ( tt Ϫ nn )/2 ( tt , nn ϭnormal stresses in the t and n directions͒ and tn can be found by standard frame rotation.
Eq. ͑19͒ represents an ellipse rotated counterclockwise through 2 with respect to the (q tn , tn ) frame. For undrained analyses, the incompressibility condition with associated flow imposes an additional constraint on the normal velocity jump
where tt , nn ϭnormal strain rates in the t and n directions, respectively. Eq. ͑20c͒ represents a condition for defining the shear resistance along a velocity discontinuity. By solving this equation and substituting back in Eq. ͑19͒, anisotropic yield introduces two possible values of shear resistance along a given discontinuity ͓Fig. 3͑b͔͒: ͑1͒ tn ϭ͉ 1 ͉, corresponds to the slip in the positive direction, while ͑2͒ tn ϭϪ͉ 2 ͉, corresponds to slip in the negative direction, with sign convention shown in Fig. 4͑b͒ : 
The flow directions of these yield envelopes are given by
where 1 , 2 ϭnon-negative plastic multiplier rates associated with the yield envelopes, F 1 and F 2 , respectively. Eqs. ͑18͒ and ͑23͒ can be combined to form a series of linear constraints, written in matrix form as
where 2 ϭvector of plastic multipliers for velocity discontinuities ͑i.e., soil-soil and soil-structure interfaces͒.
The internal dissipation of work along a velocity discontinuity can then be computed as follows:
where Lϭlength of the discontinuity. The upper bound formulation treats the wall using a combination of two-noded rigid beam and one-noded joint elements, Fig.  2͑c͒ . The beam nodes have two unknown velocity components (u,v) that are unique to each element, while the joints have three degrees of freedom (u j ,v j ,w j ), where w j is the angular velocity. Velocities vary linearly along the beam elements, and plastic bending failure can occur in the adjacent joints.
Rigid motions of a beam element ͓e.g., with nodes 1 and 2, Fig. 2͑c͔͒ , with general orientation , are ensured by specifying that there is no change in their longitudinal velocity ͑see Table 2͒ :
while the angular velocity between nodes 1 and 2 can be computed as
where Lϭlength of the beam element. In order to satisfy the conditions of kinematic admissibility, the jump in velocities between beam-joint nodal pairs ͓e.g., j, 2, Fig. 2͑c͔͒ must satisfy the associated flow rule ⌬u 2 j,t ϭu 2t Ϫu jt ϭ0 (28a)
where ⌬u 2 j,t , ⌬u 2 j,n , and ⌬w 2 j ϭnormal, tangential, and angular velocity jumps between the joint-beam nodal pair; F Mk and k (у0)ϭyield criterion ͓positive and negative plastic moments, Eq. ͑11͔͒ and associated plastic multipliers that can occur at the joint element. Eqs. ͑26͒-͑28͒ can be expressed in a compact matrix form by a set of linear equality constraints A 3 u 2 ϭ0 (29a)
where u 2 ϭvector of velocity components for the beam and joint elements; and 3 ϭvector of plastic multipliers associated with bending failure of these elements. The interfaces between structural and soil elements are treated as velocity discontinuities, following the same assumptions described between soil elements ͑no restriction on sign of the tangential velocity jump͒. Table 2 shows that kinematic admissibility for these interfaces can be achieved through a set of constraints analogous to Eq. ͑24͒ A 51 u 1 ϩA 52 u 2 ϩA 53 2 ϭ0
( 30) where u 1 and u 2 ϭvectors of velocity components for the soil and structural elements, respectively; while 2 ϭvector of plastic multipliers for soil-soil and soil-structure interfaces. Finally, the plastic work due to hinge formation in the joint elements can be computed from
The total internal power, W i , can be computed by summing the dissipation that occurs due to plastic deformation within each of the soil elements, plastic shearing along each of the velocity discontinuities ͑soil-soil and soil-structure interfaces͒, and in the formation of plastic hinges at joint elements
External work, W e , is done by external surface tractions and the ͑vertical͒ gravitational body forces that can be defined at elemental and global levels as follows:
An upper bound on the true collapse load can then be obtained by equating the total internal power dissipation and the external work
Stability problems for braced excavations ͑no applied surcharge͒ can be solved by setting the objective function to minimize the unit weight of the soil. This is accomplished by introducing the constraint:
Hence, the objective function can be stated as Min.͕W i ϪC 41 T u 1 ͖ as shown in Table 2 , while Eq. ͑35͒ can be combined with other velocity boundary conditions for soil and structural elements to form a set of constraints on the nodal point velocities A 61 u 1 ϩA 62 u 2 ϭB 6
The solution of numerical upper bound analyses is solved by using the active set algorithm to the standard linear programming form listed in Table 2 . Fig. 5 shows typical finite-element meshes used for computing upper and lower bounds on the stability of braced excavations ͑connections between soil and structural elements are more clearly shown in Fig. 2͒ . The lower bound analyses ͓Fig. 5͑b͔͒ use a very high density of elements around the base of the wall where rotations of principal stress directions are expected. Extension elements are introduced in order to ensure statically admissible solutions at all points within a deep clay layer ͑half-space͒. These elements require special forms of the constraint equations for equilibrium and yield ͑Sloan et al. 1990͒. The current analyses use two limiting values of adhesion along the soil-wall interfaces, ␣ϭ0 and 1 corresponding to smooth and rough walls, but place no constraints on the normal tractions. The mesh for the upper bound analysis ͓Fig. 5͑a͔͒ is based on a uniform density of rectangular elements each subdivided into four triangular elements. There is apparently little advantage in more complex geometric arrangements, presumably due to the large number of velocity discontinuities permitted in the analysis. The dimensions of the discretized domain must only be sufficient to contain all potential failure mechanisms, enabling reductions in the problem size by truncating the far-field ͑zero-velocity͒ boundaries, Fig.  5͑a͒ . Both upper and lower bound calculations assume a constant value, pϭ24, for the yield surface linearization. Typical computation times for the analyses reported in this paper range from 10-30 min of CPU on a DEC workstation ͑Alpha 3000-300x͒.
Results

Homogeneous Isotropic Clay
Fig. 6 summarizes upper and lower bound predictions of the stability number, Nϭ␥H/s u , for well braced cuts ͑i.e., no failure considered for bracing system͒ in a deep homogeneous deposit of clay over a wide range of width to depth aspect ratios, B/H. These analyses describe isotropic yielding of the clay using the Tresca criterion ͓i.e., hϭ0, aϭbϭ0.5 in Eqs. ͑6͒ and ͑7͔͒, and include calculations for rough ͑␣ϭ1͒ and smooth ͑␣ϭ0͒ soilwall interfaces. In all cases, the numerical limit analyses are able to bound the stability number within Ϯ5%. The results show that for narrow excavations (H/Bу3), the interface roughness causes a 5-10% increase in the predicted value of N, but has minimal effect on the stability of wide excavations (B/Hу5). Fig. 6 also shows the stability numbers computed using the basal stability equations of Terzaghi ͑1943͒ and Bjerrum and Eide ͑1956͒ ͑Table 1͒. The basal stability mechanism proposed by Terzaghi ͑1943͒ corresponds to an upper bound on the actual stability of wide excavations, but significantly overestimates the stability of narrow excavations. In contrast, the assumptions used by Bjerrum and Eide ͑1956͒ are conservative for all excavation aspect ratios. Differences between the numerical limit analyses and the conventional basal stability calculations are not entirely surprising. Inspection of the upper bound results shows that the failure mechanisms in a deep clay layer depend on both the excavation depth, H, and its width ͓in contrast, Fig. 1͑a͒ shows mechanisms that depend only on B͔, while increases in the interface adhesion also increase the size of the failure zone in the retained soil. Fig. 7 presents further comparisons for cases where a rigid bedrock layer is located at a depth, d b /Hϭ1.0, below the exca-vated grade. The numerical limit analyses show that the proximity of the bedrock increases the stability number by up to 10-20% for wide excavations (B/Hϭ2 -5), but has no effect on the stability of narrow excavations. These effects are readily explained by the constraints of the bedrock on the extent of the failure zone beneath the excavation. The lower bound solutions coincide with the modified stability number computed by Terzaghi ͑1943͒ for B/Hуͱ2 ͑case 3; Table 1͒ . Fig. 8 illustrates the effects of wall embedment for an excavation with aspect ratio, B/Hϭ2.66 in a deep homogeneous clay layer ͑assuming full adhesion along the wall-soil interface, ␣ϭ1͒. Numerical limit analyses are shown for two characteristic embedment depths, D/Hϭ2/3 ͑''shallow''͒ and 2.0 ͑''deep''͒. In these analyses, the failure of the embedded wall is controlled by the plastic bending moment, M p . Dimensional analyses show that the stability number of the excavation can be expressed as a function of the relative strength parameter, M p /(s u D 2 ), and the embedment ratio, D/H. Upper and lower bound predictions cover a wide range of the relative strength parameter and, in all cases, bound the true stability number within Ϯ5%. The results show that the stability number increases with embedment ratio D/H and with the relative strength parameter, M p /(s u D 2 ). The solutions converge to a unique stability number, similar to the zero- 2 )у4. This limiting condition corresponds to the case where there is no bending failure of the wall. Fig. 8 shows that the upper bound predictions for these rigid walls closely match the simple empirical equation proposed by Terzaghi ͑1943͒ ͑case 6, Table 1͒. However, the limit analyses suggest inaccuracies in the solutions proposed by O'Rourke ͑1993͒ as described in Table 1 Fig. 9͑a͒ show that the zone of plastic shear distortion within finite elements ͑dark shading in Fig. 9͒ extends to a depth y/Bϭ1.5 below the excavated grade and laterally up to x/Bр2.5 in the retained soil. The embedded wall forms plastic hinges at two elevations, one at the excavated grade and the second at a depth y/BϷ0.2. As the relative strength increases to 0.5 ͓Fig. 9͑b͔͒, only one plastic hinge occurs at the excavated grade and there is a small increase in the extent of the failure mechanism in the soil. For
Effects of Wall Embedment
2 )ϭ6.0, the upper bound results show that the wall remains rigid, and basal failure occurs with the flow of soil around the toe of the wall, causing upward displacement of a soil plug ͓Fig. 9͑c͔͒. As a result, the plastic zone extends to a depth y/B Ϸ2.5 and laterally to x/BϷ3.0. It is interesting to note that much of the retained soil translates as a rigid body ͑except in the region close to the wall itself͒ while most of the plastic shear distortion occurs below the toe of the wall.
Figs. 10͑a and b͒ summarize the lateral earth pressures, h /s u , and bending moment diagrams for the wall obtained from the lower bound analyses. For M p /(s u D 2 )ϭ0.05, the lower bound analysis predicts that there are two elevations where bending failure occurs ͓i.e., ͉M /M p ͉ϭ1.0, Fig. 10͑b͔͒ , the first at the excavated grade and the second at a depth y/BϷ0.2. For the . These results are consistent with the locations of plastic hinges computed in the corresponding upper bound analyses ͓Figs. 9͑a-c͔͒. Bending failure of the embedded wall causes a large reduction in the lateral pressures transmitted from the retained soil ͓Fig. 10͑a͔͒, but has little effect on the resisting pressures which are similar in magnitude to conventional Rankine passive pressures ͑i.e., assuming hp ϭ͓␥yϩ2s u ͔ where y is the depth below the excavated grade͒.
Development of Design Charts
The principal advantage of the proposed numerical analyses lies in their ability to compute stability for more complex layered soil profiles and lateral earth support systems. The computational efficiency of the technique also makes it a very attractive method for developing design charts. For example, the preceding calculations consider the effects of wall embedment in a deep homogeneous clay layer. There are three dimensionless parameters that govern the stability number for this situation: The aspect and embedment ratios and the relative strength parameter ͑full adhesion is assumed along the wall-soil interfaces͒. Upper and lower bound analyses have been performed over wide ranges of these parameters, H/Bϭ0.2-3.0, D/Hϭ0 -2, and M p /(s u D 2 )ϭ0.001-6 ͑i.e., all cases involving bending failure͒. In all cases, the numerical solutions bound the exact stability number within Ϯ5% ͑and in many cases are more accurate than this͒. The average of the upper and lower bound solutions provides the best estimate of the stability number and can be interpreted using empirical curve fitting techniques based on dimensional analyses. In these examples, the resulting empirical equations require seven coefficients:
Although Eq. ͑37͒ is rather cumbersome, Fig. 11 shows that it produces an excellent fit to the numerical data and reduces to a simple format for the zero-embedment case (D/Hϭ0):
where b 2 ϭ6.10 and a 2 ϭ0.61. 
Role of Anisotropy
The preceding results are based on the assumption that the undrained shear strength of the clay is isotropic. In reality, most soft clays exhibit undrained strength anisotropy due to their K 0 -consolidation history. For example, Ladd ͑1991͒ reports measurements of undrained strength ratios measured in laboratory triaxial ͑compression and extension; s uTC , s uTE ) and direct simple shear tests (s uDSS ϭ h max ) on a wide range of K 0 -normally consolidated clays. The results show that typical strength ratios s uTE /s uTC ϭ0.50 to 0.75 and s uDSS /s uTC ϭ0.65 to 0.85. More detailed measurements of undrained strength anisotropy can be obtained using sophisticated laboratory shear devices such as the torsional shear hollow cylinder or directional shear cell ͑DSC͒. shearing to a minimum, s u90 / vc Ј ϭ0.17, in the plane strain passive mode ͑␦ϭ90°͒. The peak shear strength in the active mode occurs at small shear strains (␥ϭ͓ 1 Ϫ 3 ͔Ϸ0.6%), while relatively large strains are required to mobilize the passive resistance ͑␥Ͼ5%͒. Although the locus of peak strength conditions is very well described by the three-parameter DC yield function ͑Fig. 12͒, it is not clear how the variations in strength mobilization with shear direction should be considered in the numerical limit analyses. One possibility is to consider the mobilized strengths at a selected level of shear strain ͓similar to the ''strain compatibility Fig. 12 shows the measured data and corresponding best-fit DC yield loci corresponding to shear strain levels, ␥ϭ0.6 and 1.0% ͑see also Seah 1990͒. Finally, one should note the large difference between the three anisotropic yield loci in Fig. 12 and the isotropic yield surface selected as the ''average'' undrained strength ratio measured in laboratory direct simple shear tests, s uDSS / vc Ј ϭ0.21.
Comparisons With Nonlinear Finite-Element Analyses
One method for evaluating the selection of anisotropic shear strengths in the numerical limit analyses is through comparison with more comprehensive nonlinear finite-element analyses. For example, Hashash and Whittle ͑1996͒ have presented results of finite-element analyses for idealized braced excavations, using the MIT-E3 effective stress soil model ͑Whittle and Kavvadas 1994͒
to describe the anisotropic stress-strain-strength properties of the clay ͑BBC parameters were presented by . Their calculations consider an excavation with width, Bϭ40 m, in a deep layer of clay. The excavation is supported by a heavily reinforced 0.9 m thick diaphragm wall with total depth, L(ϭHϩD)ϭ12.5 m-60 m and braced by rigid struts. The cur- rent comparisons focus on finite-element calculations where: ͑1͒ the struts are installed at grade with a vertical spacing, h ϭ2.5 m; and ͑2͒ the soil profile is characterized by a constant overconsolidation ratio of 1.0, such that the undrained shear strength varies linearly with depth as shown in Fig. 13 ͑i.e., the undrained strength ratio is constant for a given direction of loading, ␦, and mobilized shear strain, ␥͒. In the original finiteelement analyses, the excavation was performed as a series of discrete 2.5 m steps and the diaphragm wall modeled as an elastic material. Failure was defined when there was inadequate numerical convergence ͑due to large incremental soil deformations͒ within a specified excavation step, and was refined by considering the maximum bending moment in the wall. Given these approximations, the failure depths, H f , can only be reported to a vertical resolution of 2.5 m. Numerical limit analyses of these same idealized excavations have assumed that the diaphragm wall is heavily reinforced with M p ϭ2.0 MNm/m. Upper and lower bound predictions of H f have been performed for four undrained strength profiles: ͑1͒ peak anisotropic shear strengths; ͑2͒ anisotropic strengths mobilized at ␥ϭ0.6%; ͑3͒ anisotropic strengths mobilized at ␥ϭ1%; and ͑4͒ isotropic strengths based on undrained strength ratios measured in direct simple shear ͑DDS͒ tests (s uDSS / vc ϭ0.21; Fig. 12͒ . Fig. 14 summarizes the computed failure depths as functions of the wall length, L. For the shorter walls (LϽ20 m), there is very good matching between the finite-element results and the numerical limit analyses based on strength mobilized at ␥ϭ0.6%. However, for the longer walls, the same assumption leads to an underestimate of the finite-element failure depths, and better agreement is achieved at a mobilized strain ␥ϭ1.0%. This behavior is consistent with characteristic shear strains reported in the finiteelement analyses by Hashash ͑1992͒ since larger shear strains are shows that calculations of failure depths based on the peak anisotropic strength envelope grossly overestimate the finite-element predictions. The isotropic limit analyses slightly overestimate the reference values of H f from these finite-element analyses. However, this happy coincidence does not substantiate the general application of isotropic strength approximations! Fig. 14 includes predictions of H f based on the empirical limit equilibrium calculations proposed by Terzaghi ͑1943͒. These calculations use depth-averaged shear strengths above and below the excavated grade, for reference undrained strength ratios in DSS and plane strain passive modes of shearing (s uDSS and s u90 ). It is not surprising that these calculations overestimate the failure depths for very long walls ͑where wall flexibility and bending failure are ignored͒. However, the results also show substantial overestimation for all wall lengths based on the DSS strengths.
Overall, the results in Fig. 14 highlight the difficulties in selecting undrained strength parameters for anisotropic stability analyses of braced excavations. The results confirm that realistic predictions can be obtained by considering the strengths mobi- Fig. 15 . Cross section and undrained strength profile of braced excavation in South Boston lized at a characteristic level of shear strain ͑␥ϭ0.6 -1.0% in these examples͒. More extensive calculations ͑over a range of soil profiles and bracing systems͒ are required before these results can be generalized for design.
Practical Application of Limit Analyses Published Case Studies
Numerical limit analyses have been used to reinterpret the stability of braced excavations in clay from five projects reported in the literature as shown in Table 3 . Four of these projects involved excavations supported by sheet pile walls and prestressed crosslot struts, while the fifth used a perimeter diaphragm wall. Although relatively large wall movements ͑exceeding 10 cm͒ and surface settlements occurred in each of these projects, only two of the seven cross sections actually failed ͑Davidson Ave. No. 2 and Taipei͒. The selection of undrained shear strength profiles is conditioned by the availability of data ͑and the prevailing local site investigation practice͒. Field vane data were used to provide isotropic strength profiles for the Vaterland-3, HDR-4, and Taipei cases, while UU triaxial tests were the only information available to reanalyze the two sections on Davidson Ave. Both sections of the HDR-4 project in Chicago had very low margins of safety ͑FSϷ1.1-1.2͒ against basal failure. It is also interesting to note that calculations using the peak anisotropic strength parameters give very similar values of FS as the isotropic cases ͑field vane profile͒. These results contrast with previous example calculations for normally consolidated BBC, where peak anisotropic strength predicted substantially higher stability numbers. This reflects the relative magnitudes of field vane and undrained triaxial shear strengths ͑for HDR-4, s uFV ϭ0.5͓s uTC ϩs uTE ͔; while for BBC the previous example uses s uDSS ϭ0.4͓s u0 ϩs u90 ͔). Anisotropic analysis for the Taipei failure ͑Table 3͒ show FSϭ1.23-1.32 and are clearly producing an un- Fig. 15 shows the cross section and proposed support system for an 18 m deep, 33 m wide excavation in Boston. The support system includes a diaphragm wall that extends 6 m below the final grade elevation, while cross-lot struts are installed at a maximum vertical spacing of 4 m. The soil profile consists of approximately 11 m of fill materials and silty sand overlying a 31 m deep layer of BBC. Fig. 15 lists the shear strength parameters for the overlying soils and compares profiles of undrained shear strength from an extensive program of laboratory CK 0 UDSS and CK 0 UC tests ͑Ladd et al. 1999͒ using both SHANSEP ͑Ladd and Foott 1974͒ and reconsolidation test procedures together with strength profiles derived using the MIT-E3 model from the measured stress history profile. The data consistently show minimum shear resistance at 26 m-28 m depth corresponding to the base of the overconsolidated clay crust ͑just below the toe of the diaphragm wall͒.
Design Applications
Limit analyses have been performed using a variety of interpretations for the undrained strength profile. Fig. 16 illustrates typical upper bound results using an isotropic strength criterion that matches s uDSS of the MIT-E3 model. The results show a typical failure mechanism which extends to the base of the clay with FSϭ1.18 -1.23, and a plastic hinge in the wall at the elevation of the fourth level of bracing. Further calculations based on anisotropic peak strengths predict FSϭ1.29-1.36 and are likely to overestimate stability, while calculations based on ␥ϭ1.0% mobilized strengths may be more realistic and predict only a small margin of safety with FSϭ1.05-1.13. In practice, it is difficult to achieve further resolution using the two-dimensional ͑2D͒ stability calculations given the uncertainties in representing undrained strength anisotropy. The limit analyses can provide useful guidance on the effectiveness of berms, soil mix walls, etc. ͑Ukritchon 1998͒, but other strategies to improve stability, such as excavation in short panel lengths, require much more computationally demanding three-dimensional analyses ͑e.g., Lyamin 1999͒. Fig. 17 shows the cross section through a 12.5 m deep excavation planned on the MIT campus ͑Olsen 2001͒. Part of this very wide ͑110 m͒ excavation is to be supported by three levels of inclined rakers reacting against a 1.2 m thick central concrete base slab. The design includes a perimeter diaphragm wall embedded almost 9 m below the final grade and within the crust of a 26 m thick layer of BBC. The undrained shear strengths of the lower clay at this site are notably higher than in the preceding example ͑a consequence of local variability in the stress history; cf., Ladd et al. 1999͒ . Fig. 18 shows that the predicted upper bound failure mechanism again extends to the base of the clay layer but is constrained inside the excavation by the presence of the base slab. The analyses predict a relatively high factor of safety, FSϭ1.70-2.05, which is consistent with independent results of nonlinear finite-element analyses ͑using c-reduction methods; Brinkgreve and Bakker 1991͒. Much lower factors of safety ͑FSϭ1.2-1.4͒ are computed by limit equilibrium methods based on Terzaghi basal heave calculations and circular arc ͑rigid body͒ rotation mechanisms that do not explicitly consider the constraints imposed by the proposed bracing system.
Conclusions
This paper has described the formulation of 2D plane strain, numerical limit analyses for modeling the stability of braced excavations in clay. Upper and lower bound estimates of collapse are formulated as linear programming problems based on earlier publications by Sloan and Kleeman ͑1995͒ and Sloan ͑1988a͒, respectively. The current application includes new contributions for incorporating structural elements and modeling undrained strength anisotropy of clays using the yield criterion proposed by Davis and Christian ͑1971͒.
Results of the limit analyses provide an independent check on the accuracy of long established empirical equations for computing the stability number of braced excavations. For each geometry and set of material properties, the analyses are able to bound the exact stability number within Ϯ5%. The analyses show clearly how mechanisms of failure for embedded walls are governed by the ratio of their plastic moment capacity to the undrained strength of the clay, through the dimensionless group, M p /͓s u D 2 ͔, where D is the depth of wall below the excavated grade.
In principle, the undrained strength anisotropy of clays is readily handled within the numerical limit analyses using appropriate anisotropic yield functions. However, the selection of suitable strength parameters is a difficult task due to different rates of strength mobilization with the direction of shearing and level of shear strain. This issue is most clearly seen in comparisons between the limit analyses and nonlinear ͑displacement based͒ finite-element analyses that incorporate a realistic constitutive model of the anisotropic stress-strain-strength properties. The limit analyses predict similar failure depths as the finite-element calculations when using mobilized anisotropic strengths corre- sponding to shear strain levels in the range, ␥ϭ0.6 -1.0%. Further studies are needed to develop more general guidelines on parameter selection for anisotropic calculations.
Limit analyses, using available undrained strength data ͑as-sumed isotropic͒, provide credible estimates of the stability for a series of braced excavations reported in literature, and correctly predict failure that occurred in two of these cases. Recent practical applications in Boston highlight the capabilities of the numerical limit analyses for computing stability with realistic soil profiles and lateral earth support systems. Robustness and efficiency of the analyses also serve to refocus attention on the measurement and interpretation of undrained strength parameters.
